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Nanoelectromechanical systems (NEMS) that operate in the megahertz (MHz) regime allow energy transducibility between different physical domains. For example, they convert optical or electrical signals into mechanical motions and vice versa 1 . This coupling of different physical quantities leads to frequency-tunable NEMS resonators via electromechanical non-linearities [2] [3] [4] . NEMS platforms with single-or low-degrees of freedom have been employed to demonstrate quantum-like effects, such as mode cooling 5 , mechanically induced transparency 5 , Rabi oscillation 6, 7 , two-mode squeezing 8 and phonon lasing 9 . Periodic arrays of NEMS resonators with architected unit cells enable fundamental studies of lattice-based solidstate phenomena, such as bandgaps 10, 11 , energy transport 10-12 , non-linear dynamics and localization 13, 14 , and topological properties 15 , directly transferrable to on-chip devices. Here we describe one-dimensional, non-linear, nanoelectromechanical lattices (NEML) with active control of the frequency band dispersion in the radio-frequency domain (10-30 MHz). The design of our systems is inspired by NEMS-based phonon waveguides 10, 11 and includes the voltage-induced frequency tuning of the individual resonators [2] [3] [4] . Our NEMLs consist of a periodic arrangement of mechanically coupled, free-standing nanomembranes with circular clamped boundaries. This design forms a flexural phononic crystal with a well-defined bandgap, 1.8 MHz wide. The application of a d.c. gate voltage creates voltage-dependent on-site potentials, which can significantly shift the frequency bands of the device. Additionally, a dynamic modulation of the voltage triggers non-linear effects, which induce the formation of a phononic bandgap in the acoustic branch, analogous to Peierls transition in condensed matter 16 . The gating approach employed here makes the devices more compact than recently proposed systems, whose tunability mostly relies on materials' compliance 17, 18 and mechanical non-linearities [19] [20] [21] [22] . Our NEML consists of Si-rich silicon nitride (SiN x ) membranes (~10 μ m in diameter) that form a phononic crystal with periodic, curved boundaries (Fig. 1a) . SiN x , an insulator, is used to separate electrically the excitation and the tuning electrodes. Neighbouring membranes are overlapped to create mechanical coupling (Fig. 1a,c) . We constructed membrane arrays with variable numbers of repeating units ( Supplementary Fig. 2 ). The periodicity of the lattice, a, was chosen to be 7 μ m owing to the expected frequency dispersion, with prominent acoustic and optical branches separated by a well-defined phononic bandgap (Fig. 1d) . To examine the effects of the tuning electrodes, we fabricated NEMLs with and without tuning electrodes and measured their frequency responses using a laser interferometer (Methods). To characterize the devices, flexural motion of the membranes was triggered by simultaneously applying (Fig. 1a) . The frequency responses of the NEMLs without and those with electrodes present clear stop bands below 12 MHz and 11.5 MHz, respectively (Fig. 1d) . The NEML without electrodes has a bandgap from 17 MHz to 19.8 MHz, whereas the NEML with electrodes has a bandgap from 16 MHz to 17.8 MHz, which confirms that the gold electrodes do not significantly change the operating frequencies. Passband spectra show discrete peaks due to the finite number of unit cells (N = 120). We performed frequency response measurements with varying number of unit cells (N = 30, 60, 90 and 120) and observed well-defined phononic bandgaps even at the lowest unit cell numbers ( Supplementary  Fig. 3 ). The average quality factor (Q factor) of the device with (without) electrodes is 1,700 (3,700) and depends on the surface and the intrinsic material loss due to the evaporated gold 23 . To study the phononic dispersion, we performed numerical simulations using COMSOL Multiphysics (Methods). The experimental dispersion curves, obtained from fast-Fourier transformation of the spatially scanned data, capture the phononic behaviour of our NEML ( Supplementary Fig. 4 ). The experimental results show good agreement with numerical simulations (Fig. 2a-d ) for 0 and 20 V gating voltages (V T ), which correctly capture the location and the size of pass and stop bands. Flat band regions exist near the band edges, at q = 0 and π /a, which suggests slow, near-zero group velocities. The locally clamped boundaries, which act as grounding springs, cause the acoustic band edge at q = 0 to start from finite frequencies. To investigate systematically the dependence of the transmission properties on the applied V T , we measured the frequency response of the last resonator (located on the opposite boundary from the excitation) while varying the V T from 0 to 25 V (Fig. 2f) . We note a broadening of the acoustic branch from 4.5 MHz at V T = 0 V to 6 MHz at V T = 25 V and a decrease of the bandgap size from 1.8 MHz at V T = 0 V to 1.3 MHz at V T = 25 V. The experimentally measured variations of the centre frequency and the bandgap match well the numerical data from the finite element models (Fig. 2f,h ). The small discrepancy observed between the experiments and numerical simulations in Fig. 2h is probably due to parasitic electrostatic effects in the experiments that are not captured in the finite element model. We characterize the Q factor as a function of the gating voltage of the NEML and show that it decreases quadratically due to dielectric losses (Fig. 2i) .
To explain the experimental observations, we developed an analytical reduced-order model of the finite samples based on discrete Fig. 5 ). This model clarifies the interplay of the experimental parameters and their effect on the dispersion response of the NEML. To understand the role of residual stress on the dynamic response of the lattice, we compared the discrete model to finite element simulations. We show that the residual stress decreases the contrast of the rotational couplings, which reduces the bandgap size ( Supplementary Figs. 6  and 7) . The presence of a gate voltage below the membrane acts as an on-site potential that tunes the transmission. An increase of the electrostatic force applied by the tuning electrodes softens the onsite potentials and consequently downshifts the frequency bands ( Supplementary Fig. 7b ). The voltage-induced gap narrowing is due to the relatively complex geometry of the electrodes (not captured in the discrete model). This causes a mode-dependent softening effect in which the optical band edge at q = π /a presents a more drastic decrease than the acoustic band edge as the gate voltage increases (Fig. 2h) . We also use the discrete model to study the possible effects of fabrication-induced disorder ( Supplementary Figs. 8 and 9) , and show that the system is sensitive to the presence of random defects. However, the experimental results show a robust response ( Supplementary Fig. 4 ), similar to theoretical results obtained from a perfect lattice. We conclude that inhomogeneities do not play an important role in our experimental system.
The tunability of the dispersion response means that the transmissible frequencies can be dynamically selected, but also that the group velocity can be controlled. This is evident from the transient responses of the lattice at V T = 0 V and 24 V (Fig. 3a,b) . We sent a chirped pulse with frequencies between about 8 and 22 MHz through the lattice and measured the responses of the end unit. The measured response contained several displacement pulses, which originate from boundary reflections. To analyse the dispersive behaviours at single frequencies, we applied a Butterworth 
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Nature NaNotechNology filter with a 200 kHz bandwidth to the broadband responses. We then plot the envelope of the filtered pulses in the time domain at each frequency (Fig. 3d,f) . The time of flight of the wave near the band edges is much longer than that in the middle of the pass bands, which confirms the strong dispersion near the band edges. The experimental group velocity is obtained by calculating the velocity of the travelling pulses (v s ) at each frequency, using v s = 2Na/Δ t (Fig. 3c,e) . Here N = 120 is the number of unit cells, a is the periodicity and Δ t is the time of flight. The factor 2 accounts for a round trip of a pulse. The experimental group velocities show excellent agreement with the numerical group velocities. The envelope of waves near the acoustic band edge (14.5 MHz) broadens due to dispersion. The propagation losses are deduced from the amplitude decay of two neighbouring pulses at 13.5 MHz and are found to be around 33% in voltages or 56% in energy per 1.68 mm travelled, which is equivalent to 2.1 dB mm -1
. At 12 MHz, the pulse speed at V T = 24 V is about twice the pulse speed at V T = 0 V, which demonstrates group velocity tuning. Metamaterials under dynamic environments have shown many interesting features, for example, non-reciprocity 24 and nonequilibrium phenomena 25 . We investigated the behaviour of our system under dynamic a.c. tuning. In addition to the a.c. voltage, we applied a 5 V d.c. voltage to the tuning electrode to increase the modulation amplitude. This d.c. voltage is small enough not to induce significant softening effects. As the tuning electrode simultaneously excites the entire lattice, we expect their modulation to predominantly affect the lowest modes in the phononic band. We note that the a.c. tuning triggers non-linear dynamic phenomena in the NEML, which leads to a classic hysteretic behaviour (Fig. 4a) . The resonance curves show a hardening behaviour due to tension induced non-linearity. Beyond the bifurcation point, at modulation frequencies (ω p ) above 11.3 MHz, a small bandgap emerges in the acoustic branches (Fig. 4b,c) . The gap size increases with increasing modulation frequency, changing its position. The shift of bandgap originates from the upshift of the entire dispersion curves due to the stronger tension induced at higher modulation frequencies. The presence of the modulation-induced bandgap is also evident in the real-space scanning data obtained at ω p = 11.5 MHz, with a 2a = 14 μ m scanning step (Fig. 4d) . Analysis of the corresponding dispersion curve confirms the effective 'dimerization' of the unit cell, with a gap at the new band edge q = π /2a (Fig. 4e) , at a centre frequency around 12.7 MHz. The nonlinear second harmonics of the modulation frequency, generated due to the broken out-of-plane symmetry of the deflected membranes 26 , lies at q = π /2a in the optical branch. Accordingly, the modes' amplitudes at q = π /2a have 2a periodicity, which causes the dimerization (Supplementary Figs. 10-12 ). This non-linear bandgap formation is analogous to the Peierls transition 16 in solid-state systems. We performed a perturbation analysis using the discrete element model to show the emergence of the non-linear bandgap (Supplementary Fig. 13 ).
Here we demonstrate the static and dynamic control of NEMLs by electrostatic forces. Their frequency dispersion can be tuned over a wide range by applying a d.c. gate voltage. The d.c. tuning can be used to shift the band edges, reduce the width of the bandgap and control the group velocity. Dynamic a.c. modulation of the gate shows a new mechanism for bandgap formation, induced by non-linear effects. NEMLs with controllable, local on-site potentials contribute to the development of functional, miniaturized high-frequency acoustic components, such as sensors 27 , tunable filters and delay lines for radio-frequency signal processing applications 28, 29 , with a smaller footprint compared to the electromagnetic counterparts. For applications in quantum technologies 30, 31 that require low loss, the Q factor could be enhanced by replacing the gold electrodes with graphene 32 , increasing the residual stress of the film, and operating in cryogenic environments. ). Furthermore, the low-pressure chemical vapour deposition process led to minimal disorder and structural defects, which ensured a uniform adhesion to the sacrificial layer and a low residual stress (~100 MPa).
Experiments. The measurements of the mechanical motion of the membranes were performed using a homebuilt optical interferometer at room temperature and a vacuum pressure P < 10 −6 mbar. The interferometer is a phase-locked Michelson interferometer that employs a balanced homodyne detection scheme. The phaselock is enabled by moving a reference mirror mounted on a PID (proportionalintegral-derivative)-controlled piezoelectric actuator at 1.5 kHz. The motion of the membranes was electrostatically excited by simultaneously applying d.c. and a.c. voltages through a bias tee (ZFBT-6GW+ (Mini-circuits)). A 633 nm laser light with a ~20 μ W input power was incident on the sample. The reflected light interfered with the light from the reference mirror. The intensity of the interfered light was measured using the balanced photodetector. Its radio-frequency output signal was connected to high-frequency lock-in amplifier (UHFLI (Zurich Instruments)). The position of the laser spot was monitored with a CMOS camera and the measurement position was controlled by a computer-controlled XY linear stage that supported the vacuum chamber. Supplementary Information gives details of the method.
Numerical simulations. All the numerical simulations to calculate the phononic frequency dispersion were performed using the finite element method via COMSOL. We employed the module prestressed eigenfrequency analysis, considering geometric non-linearities, to reflect the effect of membrane deflection and stresses induced by the d.c. gate voltage. The d.c. voltage also introduced an effective softening potential. We implemented these effects by assigning a non-linear surface load, F = -ε 0 V 2 /2(d eff + w), to the area covered by the tuning electrodes. Here ε 0 is the vacuum permittivity, V the tuning voltage, d eff = 145 nm (the effective gap distance fitted from experiments) and w the membrane's displacement. The mechanical properties used for silicon nitride films were 3,000 kg m -3 density, 290 GPa Young's modulus and a 0.27 Poisson ratio. For the properties of the electrodes of 50 nm thickness, made of 45 nm gold and 5 nm chrome, we calculated the geometric averages of the properties and obtained 18,100 kg m -3 density, 98 GPa Young's modulus and a 0.417 Poisson ratio. The geometric parameters of a unit cell were a 4.95 μ m radius and a 7 μ m periodicity. The initial thickness of SiN was set to 100 nm. We considered partial etching of SiN x due to the buffered HF by removing 14 nm thick SiN x from the top surface uncovered by the tuning electrode. The partial etching of SiN x surface above the sacrificial oxide was also considered by removing a volume of a cone with a 250 nm top radius, 4.95 μ m bottom radius and 14 nm height. For the circular boundaries, we imposed fixed boundary conditions. Bloch periodicity conditions, u(x + a) = e iqa u(x), were applied to the unit cell connecting boundaries by assigning Floquet periodicity in COMSOL. Here, u(x) is the displacement at position x, a is a periodicity and q is a wavenumber. We imposed anisotropic in-plane residual stresses of 35 MPa for the direction perpendicular to the lattice and 125 MPa for the parallel direction to match the experimental frequency dispersion (Fig. 2a) . The contributions of both residual stress components are discussed in Supplementary Fig. 6 .
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